This paper showed the damping effect and the vibration analysis of a shaft-disk-blade system with viscoelastic layers on blades. The focus of the research is on the shaft's torsional vibration and the blade's bending vibration. The equations of motion were derived from the energy approach. This model, unlike the previous, used only two displacement functions for layered blades. Then, the assumed-modes method was employed to discretize the equations. The analyses of natural frequencies damping property were discussed afterwards. The numerical results showed the damping effects due to various constraining layer (CL) thickness and viscoelastic material (VEM) thickness. The research also compared FRF's of the systems with and without viscoelastic layers. It is concluded that both CL and VEM layers promote the damping capability but the marginal effect decreases with their thickness. The CLD treatment also found drop the natural frequencies slightly.
Introduction
Constrained layer damping (CLD) treatment provided an effective way to suppressing vibration and noise in structures. Theoretical works on sandwich beams with a viscoelastic core could be traced back to DiTaranto (1) and Mead and Markus (2) for the axial and the bending vibration of beams. Douglas and Yang (3) modified the theories and applied it to different applications. In last decades, many authors have reported new formulations and techniques, e.g., for beams (4) , (5) , for plates (6) , (7) and for shells (8) (9) (10) (11) . Johnson (12) summarized the passive damping related works.
Chen and Huang (13) derived the theory for the vibration reduction and optimization of a rectangular plate with partial CLD treatment. They investigated the effects of treatment size and location, CL thickness and stiffness, and VEM thickness. Hu and Huang (14) then developed a generic theory for the constrained layer damping treatment that could be applied to any other commonly encountered geometry, such as cylindrical shells, plates, cones, and beams.
A shaft-disk-blades unit has been for decades a basis in rotor dynamics. The rotor has a peculiar feature that its vibration is unavoidable as long as it is in empowering stroke. Many effects have been put on individual elements such as blade, shaft, disk and supports to suppress vibration. Huang and Ho (15) utilized the concept of structure synthesis and analyzed a whole shaft-disk-blade system rather than separate elements. They discovered that there existed shaft-blade coupling modes and inter-blades coupling modes. The present paper is intended to apply the CLD treatment on the rotating blades and to look into its suppression effects on shaft-torsion and blade-bending coupling vibration. 
Theoretical analysis
A rotor system composed of shaft, disk and blades is shown in Fig. 1 . Energies of the system are first derived and the assumed mode method is employed to discretize the equations of motion. 
Rotating Shaft-Disk
The torsional energies associated with the shaft-disk are: The kinematic relations between these displacements are
Equations of Motion
Assumed mode method is adopted to discretize the continuous system, i.e.,
where i Φ , i W and i U are the mode shapes of a torsional shaft, of a transverse blade, and of an axial blade, respectively. These modes are chosen to be
is the beam function for blade with
ξ and ik ϕ are the participation factors. m, n and r are the number of modes deemed necessary for required accuracy.
Substitution of the above equations into the energy expressions and employment of the Lagrange equations yields the following discretizated equations of motion in matrix notation as 
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where . Eq. (15), then yield to be:
The characteristic equation is
Forced Vibration and Power Spectrum
We now consider FRF due to a uniform harmonic-force 
Substituting Eqs. (7-9) into Eq. (24) gives
Employment of the Lagrange equations yields the following discretizated equations of motion in matrix notation as 
where N denoting the number of blades.
To realize the influences of the CL and VEM thickness on the vibration suppression, we define a dimensionless power dissipation coefficient P * as ) log( 10
where P bare is the power spectrum of the bare system and P CLD is the one treated with CLD calculated in a bandwidth from 22 to 490 Hz which covers the first three natural frequencies of the system. P * plays an index of damping capability.
Numerical Results
To be dimensional independent, the numerical results are normalized with respect to the cantilevered blade's first natural frequency ( Table 1 lists the geometric and material properties of the illustrated examples. Note that, the length of blades are deliberately elongated in order to magnify the coupling behaviors. Table 2 gives the natural frequencies of individual components, with the other components temporarily removed. Table 2 provides a comparison basis for the effects of component on coupling vibration. These frequencies serve as validation and interpretation of the numerical results as well.
It is first examined how the viscoelastic layers affect the rotor's characteristics. Fig. 4 shows its frequency changes for a four-and a five-blade system. Note that the abscissa, not drawn in a linear scale, has four reference marks at ω * =0.901, 5.879, 1 and 6.267
respectively denoting the frequencies after and before treatment. It appeared CLD treatment decreased the natural frequencies. Figure 5 illustrates the mode shapes of a four-blade system. The first x-y plot denotes the shaft's torsional displacement and the blade's deflection are illustrated in the following diagrams. Each mode's natural frequency is specified on its upper right. It is seen that the even number modes are inter-blades modes and the odd number modes, with torsion displacement, are shaft-blade coupling modes. For a viscoelastic layered blade system, shear modulus is ( )
The damping factors are hence calculated and listed in Table 3 . Figure 6 illustrates how the damping factor of the first modes, varying with the VEM thickness for a four-blade rotor. The x-axial denotes the VEM thickness ratio h v
The CL thickness ratio h c * = h c / h h were set 0.01, 0.05 and 0.1. It is seen that the damping factor increases with the increase of the VEM thickness. The damping increases rather rapidly at the beginning but slows its rate with further increase. Three curves denote three different CL thicknesses and as anticipated, thicker CL provides better damping ability for its bigger constraining force. Fig. 7 does the reverse way to illustrates how the damping factor of the first modes, varying with the CL thickness. The VEM thickness ratio h v * were set 0.01, 0.05 and 0.1. From Figs 6 and 7 it is noted that damping increased rather exponentially proportional to VEM thickness but not to CL thickness. Fig. 8 illustrates how the frequency of the first three modes, varying with the CL thickness for a four-blade rotor. It is seen that the frequency basically increases with the increase of the CL thickness. The first mode frequency yet tends to decrease because of large mass loading of thicker CL. Figure 9 shows FRF of a CLD four-blade rotor. Fig. 9(a) shows the torsional response of the shaft. Fig. 9(b) shows the bending response of the blade. The speed is Ω =10 3 rpm, and h v =0.354mm, h c =0.176mm. The dashed curve is for no treatment. The long-dashed and solid curves represent the cases with the Douglas (3) and Kerwin (16) viscoelastic model respectively. As seen, the presence of CLD significantly reduces the response amplitude. Overall, the significant damping effects appear particularly on the blade's higher frequency modes. The Douglas viscoelastic system is more obvious. seen that for a 10% CL thickness, the VEM treatment can reduce the power up to 12dB for a full VEM thickness and 5dB for a 10% VEM thickness.
Conclusion
This research explored a shaft-disk-blade system with CLD treatment on blades. The assumed modes method was employed for the analysis. It is arrived at that the frequency is lower due to viscoelastic layers. The even number modes are inter-blades modes and the odd number modes, with torsion displacement, are shaft-blade coupling modes.
The quantitative studies showed that the effects of constrained layer (CL) thickness and viscoelastic material (VEM) thickness for blades. It is noted that damping increased rather exponentially proportional to VEM thickness but not to CL thickness. The FRF studies showed that the presence of constrained-layer damping reduces the vibration amplitude of the system. The significant damping effects appear particularly on the frequency modes. At last, the power dissipation coefficient studies showed that increasing the VEM thickness means the increase of energy absorbing and the increase of CL thickness implies the increase of constrained shear force in VEM. Both enhance the damping capability. 
